From the known Gross-Perry-Sorkin solitonic monopole solution, its corresponding rotating solution is constructed. We discuss some its properties. We also present a rotating magnetic dipole which has an electric dipole induced by rotation.
Introduction
5D gravity Einstein-Maxwell-Dilaton, Kaluza-Klein, and Low energy string theories are examples of unified theories of electromagnetism and General Relativity. Their effective actions in four dimensions are very similar, they differ as to the value of the scalar dilatonic field coupling constant which is different in each case. In the past few years, a number of stationary, axialsymmetric solutions to the five-dimensional Kaluza-Klein theory have been constructed 1-5 using Neugebauer's potential formalism. 6 However, all the solutions presented in these references are static. One of the most interesting exact solutions of the vacuum Einstein field equations in five-dimensional gravity is the Gross-Perry-Sorkin spacetime (GPS).
7
It is static everywhere, regular and without event horizon. It represents a monopole, although there is no reason why the charge carried by the monopole should be labeled "magnetic". It might equally well be deemed "electric" and A µ treated as a potential for the dual field * F µν . Monopoles are characterized by the topology of their spatial solutions, they carry one unit of Euler character, and therefore, one can construct stationary dipole solutions. The Gross-Perry-Sorkin solution has already been studied in Ref. 7 . In Ref. 4 some exact solutions of this kind have been found.
The four-dimensional effective action for the above mentioned theories can be written in the form:
where R is the Ricci scalar, Φ is the scalar dilaton field, F µν is the Faraday electromagnetic tensor, and α is the dilaton coupling constant. Some classes of exact solutions to the field equations associated with (1), for arbitrary values of the α coupling constant, are given in Ref. 5 . These solutions are written in terms of harmonic maps. By choosing appropriate values of these harmonic maps, the solutions represent monopoles, dipoles, quadrupoles etc. For the particular case α = √ 3, it is possible to find a harmonic map that leads us to the Gross-Perry-Sorkin solution.
In general it represents a soliton spacetime with a singularity at r = 0. Nevertheless, the influence of the scalar dilaton field is important only in regions near the singularity. Recently, some rotating solutions to the five-dimensional Kaluza-Klein field equations have been obtained starting from seed static ones, 8 all in terms of one or two harmonic maps. In this paper we use, as a seed metric, the Gross-Perry-Sorkin monopole solution,
7 to obtain the corresponding rotating metric and discuss some of its properties (Sec. 4). We also derive, in Sec. 5, the rotating solution of a seed metric that represents a magnetic dipole. In Sec. 2 we provide a brief summary of the potential formalism and in Sec. 3 indicate how to derive rotating metrics from static seed metrics.
Harmonic Map Ansatz
We start with a static and axisymmetric four-dimensional space-time written in the Lewis-Papapetrou parameterization
For metric (2) the Einstein field equations reduce to one equation for the function f
and two equations for the function k
The Maxwell equation read
and the Klein-Gordon equation is given by
The solution we want to deal with here, contains an arbitrary electromagnetic field. Its functions f , k, and A φ are given by
where the harmonic function λ fulfills the Laplace equation
The corresponding form for the scalar dilaton field is given by
where the magnetic charge is related to the scalar one by Q 2 = 4e 2αΦ0 /(1 + α 2 ) (for more details of the method see Refs. 3 and 4). This solution, contains among others, the GPS one as special case. The harmonic map determines the gravitational and the electromagnetic potentials in such a way, that we can choose them to have electromagnetic monopoles, dipoles, quadrupoles, etc. 
Gross Perry Sorkin Monopole
The Kaluza-Klein monopole, known as Gross-Perry-Sorkin solution, represents the simplest and basic soliton, which is a generalization of the self-dual Euclidean Taub-Nut solution. 9 It is described by the following metric:
For dt = 0 the Taub-Nut instanton is recovered. The coordinate singularity at r = 0 is absent if x 5 is periodic with period 16πm = 2πR, 10 with R the radius of the fifth dimension. Thus
and the electromagnetic potential A µ is that of a monopole:
and
The magnetic charge of the monopole is fixed by the radius of the Kaluza-Klein circle
Moreover, the mass of the soliton is given by
The Gross-Perry-Sorkin soliton solution is also a soliton solution of the effective four-dimensional theory, for the four metric g µν and a massless scalar dilaton field Φ with
Although this is a singular solution of the effective four-dimensional theory, it is a perfectly sensible soliton. The singularity arises because the conformal factor e 2αΦ is singular at r = 0.
The Potential Space Formalism
Neugebauer's formalism is analogous to the well known four-dimensional Ernst's formalism which has been widely employed to generate solutions to the EinsteinMaxwell theory. 11 In the former formalism, it is assumed that the five-dimensional space-time has two commuting Killing vector fields: one space-like X, and other which is time-like Y . Thus five potentials can be covariantly defined as follows:
where A, B, . . . = 1, . . . , 5 and ABCDE is the five-dimensional Levi-Civita pseudotensor. In the adapted coordinate system where
, the potentials Ψ A = (f, , ψ, χ, κ) are respectively, the gravitational, rotational, electrostatic, magnetostatic and scalar potentials.
The field equationsR AB = 0 (whereR AB is the five-dimensional Ricci tensor) written in terms of Ψ A can be derived from the Lagrangian
where axial symmetry has been assumed as well. Thus all quantities depend only on two variables i = (ρ, ζ). The invariance group of the Lagrangian (18) is SL(3, R). As a result, the invariant transformations can be written as
where g and C SL(3, R). A parametrization of g is given by
In terms of this g the field equations can be cast into a non-linear σ-model form
Invariant Transformations
Assuming that g = g(λ i ), where the parameters λ i are harmonic maps, the chiral equations in potential space have been solved, and using the definitions of the potentials (17) several solutions of the five-dimensional Kaluza-Klein theory have been constructed.
1 By using the invariance transformation (19) rotating solutions can be generated. If we start with Ψ A = (f 0 , 0, 0, χ 0 , κ 0 ), in other words
and use C as
with q 2 − s 2 = 1, the "new rotated" potentials read
In order to find the relationship between the seed and rotated potential with the physical quantities appearing in the five-dimensional metric tensorĝ AB : the electromagnetic four-potential A µ , the space-time metric tensor g αβ , and the scalar potential I, the definitions (17) must be used. One obtains that f = −g 44 , ψ = −A 4 , I 3 = κ 2 , together with four differential equations for and χ
From these equations it is possible to derive a set of four differential equations for the ratio g 34 /g 44 and the magnetic four-potential A 3 in terms of Ψ
where in the first two equations the potentials (24) were employed. In the case we are concerned with, ψ 0 and 0 vanish, thus
From these equations and (26a) it is readily seen that
which leads us to
From g 33 g 44 − g 2 34 ≡ −ρ 2 , we can find g 33 from the seed solution
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As it is known, the five-dimensional metric is given by dŝ 
Using g 44 = −f , together with (30)-(31) we write
where the functions f , I, A 3 and A 4 are given by
Equation (32) is the general rotating solution obtained from the seed solution
by applying the transformation (19). If the rotating parameter s vanishes, the solution (32) becomes static, the magnetic charge does not vanish, but the electric charge does. This means that the electric charge is induced by the rotation of the magnetic charge.
The Rotating Gross Perry Sorkin Solution
In Ref. 3 solutions of (21) were found in terms of one or two harmonic maps. We choose the class of solutions
written in Boyer-Lindquist coordinates. λ is a harmonic map. The scalar and the magnetic fields are given by I 3 0 = 1/(1 + λ) 3/2 and A 03,z = iρλ, z respectively. If m = 0 and λ = 4M/r one obtains the Gross-Perry-Sorkin magnetic monopole solution which is regular and static, and represents the simplest and basic soliton in Kaluza-Klein theory.
7 After the transformation (19) the metric reads
Unlike the metric (36), this metric is asymptotically flat. By expanding the Newtonian gravitational potential φ ∼ −Q cos θ(1 − s 2 )/4r 2 + O(1/r 3 ) we see that the metric (38) does not have mass parameter, it has only a dipole gravitational term. The electromagnetic fields A 3 ∼ qQ cos θ/r + O(1/r 3 ) and A 4 ∼ qQs cos θ/r 2 + O(1/r 3 ) represent a magnetic dipole with charge qQ together with a electric dipole with charge sQq. Again, if s = 1, the metric (38) represents a dyon, and the dipole component of the gravitational potential vanishes.
Final Remarks
In this paper we have showed how to construct a rotating solution in the EinsteinMaxwell-Dilaton theory from a given static seed solution. The procedure described here, is given in terms of harmonic maps. As examples, using the known GrossPerry-Sorkin monopole and a magnetic dipole solution as seed solutions, their corresponding rotating solutions were constructed. The rotating monopole was found to possess a mass parameter given by M (1 − s 2 ). Thus only in the case s 2 < 1 the gravitational interaction will be attractive. For s = 1 this mass parameter vanishes. The electric-magnetic dipole solution does not possess mass parameter. For both metrics, the electric charge is induced by rotation of the magnetic charge. A geodesic study of the rotating Gross-Perry-Sorkin solution will be presented somewhere else.
